We demonstrate a concurrent polarization-retrieval algorithm based on a multi-heterodyne scanning near-field optical microscopy (MH-SNOM) measurement system. This method relies on calibration of the polarization properties of the MH-SNOM using an isotropic region of the sample in the vicinity of the nanostructures of interest. We experimentally show the effectiveness of the method on a silicon form-birefringent grating (FBG) with significant polarization diversity. Three spatial dimensional near-field measurements are in agreement with theoretical predictions obtained with rigorous coupled-wave analysis (RCWA). Pseudo-far-field measurements are performed to obtain the effective refractive index of the FBG, emphasizing the validity of the proposed method. This reconstruction algorithm makes the MH-SNOM a powerful tool to analyze concurrently the polarization-dependent near-field optical response of nanostructures with sub wavelength resolution as long as a calibration area is available in close proximity. 494-501 (2008). 14. R. Esteban, R. Vogelgesang, and K. Kern, "Tip-substrate interaction in optical near-field microscopy," Phys.
10. A. Nesci, R. Dändliker, and H. P. Herzig, "Quantitative amplitude and phase measurement by use of a heterodyne scanning near-field optical microscope," Opt. Lett. 26(4), 208-210 (2001) . 11. I. Stefanon, S. Blaize, A. Bruyant, S. Aubert, G. Lerondel, R. Bachelot, and P. Royer, "Heterodyne detection of guided waves using a scattering-type scanning near-field optical microscope," Opt. Express 13(14), 5553-5564 (2005) . 12. A. Huber, N. Ocelic, D. Kazantsev, and R. Hillenbrand, "Near-field imaging of mid-infrared surface phonon polariton propagation," Appl. Phys. Lett. 87(8), 081103 (2005) . 13. B. Deutsch, R. Hillenbrand, and L. Novotny, "Near-field amplitude and phase recovery using phase-shifting interferometry," Opt. Express 16(2), 494-501 (2008). 14. R. Esteban, R. Vogelgesang, and K. Kern, "Tip-substrate interaction in optical near-field microscopy," Phys.
Rev 
Introduction
Scanning near-field optical microscopy (SNOM) is a popular tool to overcome the diffraction limit for the investigation of subwavelength-scale optical structures. For nearly 30 years, various configurations have been implemented to characterize the interactions of the electromagnetic field with nanostructures in the near field [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . An accurate understanding of these interactions requires a detailed knowledge of the field, including the state of polarization (SOP) in the near field. The state of polarization is easily accessible in far-field microscopy, but is challenging to measure in the near field. When the SNOM probe interacts with the near field and scatters the signal to the far field, the near-field polarization may be considerably altered [14] . Moreover, the near-field polarization may be oriented in all three dimensions [15] whereas far-field propagation implies a two-dimensional (transverse) polarization.
Recently, several phase-and polarization-sensitive measurements in the near field have been reported [16] [17] [18] [19] [20] [21] [22] [23] [24] . Each of the methods introduces a polarization-selective element to a SNOM configuration to obtain polarization-resolved information and reconstruct the vector field. For example, recently M. Schnell et al. [18] described interferometric detection of the near-field polarization state in nano-antenna gaps using a scattering-type SNOM (s-SNOM). M. Burresi et al. [19] observed in collection mode the polarization singularities in a 2D photonic crystal waveguide with an aperture probe. In these examples, two sequential measurements are performed to obtain information for two orthogonal polarization states, enabling reconstruction of the state of polarization observed at the sample. L. S. Goldner et al.
[25] have demonstrated SNOM using a time-varying input polarization state to mitigate some of the concerns. Nevertheless, since the polarization measurements are not performed concurrently, this may introduce some measurement uncertainties due, for example, to drift from mechanical misalignment, changing condition of the probe, or time dependent phase drift.
Multi-heterodyne scanning near-field optical microscopy (MH-SNOM) [16, 20, 26-31] enables the simultaneous detection of two vector field components associated with each of two orthogonally polarized illumination beams. This provides further information about the SOP in the near field, although still does not provide the full three-dimensional SOP. In our previous work [20], we extracted concurrently from a MH-SNOM measurement the state of polarization using a polarization retrieval algorithm based on criteria predicted from simulations. However, these criteria are applicable only if the near-field response of the nanostructure can be determined by another method.
In this paper, we strengthen the algorithm by freeing it from a priori knowledge of the fields. We use an isotropic region in the vicinity of the nanostructure as a calibration area, whose known polarization properties provide a global criterion to calibrate the polarization distortion induced by the detection system. Moreover, with a tunable laser source, this process could be iterated to calibrate the system characteristics over the desired wavelength operating range. This makes MH-SNOM a powerful polarization-resolved tool which can be applied to analyze any polarization-dependent nanostructure with subwavelength resolution, as long as an isotropic region is available in its vicinity. This method could contribute to the fundamental study of polarization-sensitive nanophotonic structures such as photonic crystal microcavities [32, 33] 36] and other nearfield polarization-sensitive imaging applications [37] [38] [39] .
Due to their simplicity in terms of the near-field distribution and strong polarization dependence, form-birefringent gratings (FBG) are optimal structures to assess the polarization-retrieval algorithm proposed here. We experimentally demonstrate this algorithm by validating it in retrieving the polarization-dependent near-field distribution on a silicon FBG. Due to the symmetries inherent in this one-dimensional grating and the configuration of the illumination beam-longitudinally oriented fields with respect to the probe are not excited-the full vectorial field emitted by this structure can be detected using the MH-SNOM.
In section 2, a description of the experimental set-up is presented. Next, the polarizationretrieval algorithm used in this work is explained step by step in section 3. Then, the fabrication of the FBG is described in section 4. The results of near-field measurements are discussed in section 5: we first demonstrate the method through the retrieval of the measured near-field confinement on the FBG in three spatial dimensions. Then, pseudo-far-field measurements are performed to verify the effective refractive index of the FBG. Finally conclusions are presented in section 6.
Experimental set-up
Optical measurements are performed using a MH-SNOM [20] . This type of SNOM is a modified version of a classical heterodyne SNOM [10] . The light is collected with a SNOM probe (Lovalite, tapered single-mode fiber with 70 nm aluminum coating and apex aperture with diameter ~200 nm) positioned above the surface of the sample. The topography is obtained by means of a shear-force feedback system (SNOM control unit, APE Research). A collimated and linearly polarized beam at 1535.4 nm wavelength illuminates the sample through the substrate at normal incidence. The Transverse Magnetic (TM) and the Transverse Electric (TE) polarization states are respectively defined to be aligned with the grating axes as shown in Fig. 1 . In the MH-SNOM configuration used here (see Fig. 1 ), the reference arm is split at an amplitude ratio of 1:1 into two orthogonally polarized beams. Each of the three channels (one object channel, two reference channels) is shifted by a different frequency, using acoustooptic modulators. The orthogonality of the two reference signals r 1 and r 2 is well preserved up to the detector, where they are combined with the signal o 1 from the object beam. Due to the differing frequencies between the three signals, the projection of the object beam o 1 on the orthogonal reference basis {r 1 , r 2 }, called z 1 and z 2 , can be detected simultaneously using two lock-in amplifiers. Thus, these two concurrently obtained phase-resolved field projections provide the full information of the optical field collected by the SNOM probe.
The challenge for MH-SNOM to resolve the state of polarization of the field on the sample lies in the polarization distortion introduced by the unknown polarization transfer function (PTF) of the aperture-probe and the fibered detection path. An unknown phase delay from the optical path difference (OPD) between the two reference arms and the unknown polarization rotation occurring in the single mode fibers (SMF) must be compensated. Assuming that the above uncertainties are stable and reproducible, the heterodyne signals captured by the detection system contain full information for the optical fields captured by the probe. Thus, rather than controlling the polarization properties of these parts of the MH-SNOM, it is possible to reconstruct the polarization signal captured by the probe, as described in the next section.
Polarization retrieval algorithm
The principle of the polarization retrieval algorithm is a calibration mechanism, which is introduced to quantify the polarization distortion resulting from the unknown PTF. For this purpose, we introduce a calibration element, with a known field response, to determine the PTF. In practice, the calibration element is taken to be an unstructured area of the sample in the vicinity of the nanostructure of interest. It is assumed that the linearity of the incident beam is preserved when crossing the unstructured region, owing to its isotropic nature. Using the known, presumed linear SOP in this region, we are able to compute the PTF for the specific probe being used. The computed PTF is used to compensate the corresponding SOP distortions in the measurements performed on the nanostructures for which the field response is unknown. The computed PTF can be written as a polarization transfer matrix M. Thus, the model developed in [20] to express the field at the sample surface can be expanded as follows:
where E s is the field above the sample surface expressed in the basis {x, y}, and E d is the field at the detector expressed in the basis {r 1 , r 2 } of the reference arm. Since any state of polarization can be reached with a proper combination of a quarter-wave plate J 4 and a halfwave plate J 2 , M is rewritten as an equivalent Jones matrix:
where R is a rotation matrix [40] . The complex matrix M is obtained by seeking the rotation angles α 1 and α 2 required in order to match the field measured above the flat area with its expected theoretical response. The algorithm of the iterative search procedure is depicted in Fig. 2 . As shown in Fig. 2(a) , a collimated linearly polarized object beam E obj , propagating in z, is physically aligned at θ = 45° with respect to the x-y axes. The illuminated area is selected to include both the nanostructure of interest (e.g. gratings) and a flat calibration region. The fact that the reference basis {r 1 , r 2 } has an arbitrary orientation with respect to the object field at the detector can be approximately represented by an arbitrary angle γ at the sample plane. The optical field response is then measured. The following steps are then applied to the experimental data. First, in order to recover the linearity of the field response of the flat region 1 
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flat d E r r , the angle α 1 of the half-wave plate is kept constant while adjusting the angle α 2 of the quarter-wave plate (Fig. 2(b) ). Then, in order to specify the location of the reference basis {r 1 , r 2 }, α 2 is kept fixed and α 1 is varied to maximize one component of the field flat d E . We seek to minimize one polarization component as this diminishes the effect of an asymmetric probe on the optimization procedure. The obtained value of α 1 ensures that one axis of the reference basis {r 1 , r 2 } is aligned with the object beam E obj (γ = θ), as represented in Fig. 2(c) . A 45° offset is then added to α 1 to align {r 1 , r 2 } with {x, y} ( Fig. 2(d) ). Thus, the obtained field components (projections of the detected signal onto the reference beams with basis {r 1 , r 2 }) represent the TE and TM components of the field at the sample.
The matrix M is constructed by inserting the obtained values of α 1 and α 2 into Eq. (2). It is then applied on the field measured above the structure of interest to reconstruct its complex field response. We apply this method to experimental MH-SNOM measurements in the following, with the sample being a FBG as described in the next section.
Form-birefringent grating
A FBG is a sub-wavelength one-dimensional periodic structure inducing a large birefringence, yielding a highly polarization-dependent behavior [41] . In the near field, this appears as a polarization-dependent field confinement. In this work, such a structure is fabricated in silicon using standard high-resolution lithography and etching processes, as described below.
A scanning electron micrograph of the form-birefringent silicon grating is shown in Figs.  3(a) and 3(b) . The structure consists of a 1-D binary grating with period Λ = 1 µm, fill factor F = 7% and depth d = 300 ± 20 nm. The sample is fabricated by using electron beam (e-beam) lithography and plasma etching. A double side polished silicon wafer with 50 mm diameter and <100> crystal orientation is spin coated with a 180 nm thick layer of binary negative-tone electron beam resist. The resist used is Dow Corning® XR-1541 e-beam resist which contains hydrogen silsesquioxane (HSQ) resin in a carrier solvent of methyl isobutyl ketone (MIBK). After spin coating the sample is vacuum baked under 6 2 10
Torr pressure for two minutes to evaporate excess solvent. The sample is patterned with an electron beam pattern generator (Leica Vistec EBPG 5000 + ES HR). The acceleration voltage of the pattern generator is set to 100 kV and the applied dose for the pattern is 6000 µC/cm 2 . The patterned sample is developed with diluted Microposit 351 developer, rinsed with 2-propanol (IPA) and finally with deionized (DI) water.
The pattern transfer into the silicon is performed with an Oxford Instruments Plasmalab 100 etching system. In silicon etching, a hydrogen bromide (HBr) based Inductively Coupled Plamsa-Reactive Ion Etch (ICP-RIE) process is used. For sidewall passivation, a small quantity of oxygen is added to achieve vertical sidewalls. Helium backside cooling is used for stabilizing the process temperature. After etching, the remaining HSQ mask is removed with a hydrogen fluoride (HF) based solution. This structure is designed to sustain strong transverse near-field confinement within each period of the structure at normal incidence [42, 43] .
Results and discussion
The method described in section 3 is applied to analyze MH-SNOM measurements of the above FBG sample. The structure is illuminated through the substrate (from below) at normal incidence with a collimated beam linearly polarized at 45° with respect to the grating grooves. Polarization-resolved maps of the field measured at the surface of the FBG and in a calibration area (an unstructured region near the rating) are shown in Figs. 4(a) and 4(b) . The topography is shown in Fig. 4(c) , and indicates the position of the grating edge, as well as the ridges and grooves. The width of the grating ridges appears wider than expected due to the finite size and profile of the probe. As in [44] , we model the probe response by a convolution with a Gaussian function 2 2 ( ) exp( / 2 ) f x x σ = − . The parameter σ is computed by comparison of the measured topography with the expected binary structure convolved with f . Agreement is obtained with ± 2.8% error for σ = 290 nm in terms of FWHM (full width of half maximum) of the ridge structure. The value of σ corresponds to the effective diameter of the probe. As predicted by the RCWA simulations, for the TE polarization (see Fig. 4(a) ), the field is primarily localized in the silicon ridges, while for the TM polarization, the field is localized in the grooves (see Fig. 4(b) ). The insets in Figs. 4(a) and 4(b) show the predicted field distribution in the near field, obtained by convolving the field simulated using RCWA with the probe model described above. Figure 4(d) shows a cross-section profile of the TE and TM field amplitudes along with the topography profile. This emphasizes the fact that the TE polarized fields are localized in the grating ridges, while the TM polarized fields are localized in the grating grooves, as expected in the models. In addition, we can see that the two polarization components have approximately equal amplitudes in the calibration (unstructured) region, while the TE polarization has amplitude approximately 1.3 times that of the TM in the grating region.
The fringes appearing in the flat region are attributed to the interference between the transmitted zeroth order and the first diffraction order inside the substrate (totally internally reflected on both sides of the flat interface of the bare substrate). The spatial period of the measured interference fringes (Λ f ≈1.06 µm ± 0.107 µm) is close to the expected value which is the period of the grating (Λ = 1 µm). Λ f is obtained from:
Where n si is the refractive index of silicon and θ 1 is the diffraction angle for the 1st reflected order inside the substrate.
Decay of the near-field confinement
Next, we assess the extent of the field localization in the grating by performing an x-z (3 µm × 300 nm) scan MH-SNOM measurement above the grating in order to investigate the decay of the near-field confinement. The results are presented in Figs. 5(a-h) . The retrieved near-field amplitude responses (TE/TM) (illustrated in Figs. 5(a) and 5(b)) exhibit a maximum respectively above the ridges and the grooves, as expected from the RCWA simulations (Figs. 5(e) and 5(f) ). The phase variation in TM (Fig. 5(d) ) is smaller than in TE (Fig. 5(c) ) due to the weaker confinement. In both TE and TM cases, the lateral confinement of the field gradually diminishes with increasing altitude above the sample. The experimental results shown in Figs. 4(a-b) and Figs. 5(a-d) show some minor differences due to the change in scanning mode (topographic scan vs. constant height mode) and analyzing different regions of the sample (which are not necessarily identical due to fabrication tolerances), but these results are qualitatively in agreement. Comparing the experimental measurements to RCWA simulations in Fig. 5 also reveals qualitative agreement with some quantitative differences. We believe these effects are primarily due to small imperfections in both the sample and SNOM probe; for example, minor variations in the grating depth, grating width, substrate depth as well as the probe coupling characteristics could affect the detected optical signal.
To assess the decay properties of the localized evanescent modes, another scan is performed above a ridge from near the grating surface to more than half a wavelength (900 nm) above the surface. The field near the grating surface is assumed to take the form 
where n a is the amplitude of the n-th Rayleigh order, n φ is its relative phase difference, and k xn and k zn are the x and z components of its wave vector, respectively. The amplitude of the 1st evanescent order is obtained by fitting Eq. (4), truncated to the 1st order, to the measurement. The higher orders are neglected, as their decay lengths are too short to be measured accurately. The amplitude ratio of the 1st order to the 0thorder,
, is investigated. For TE, one obtains ρ = 0.119 ± 0.043 (simulation: ρ = 0.113). Note that in the simulations, varying the substrate thickness within the fabrication tolerances has a strong impact on the relative amplitude of the modes, due to Fabry-Pérot resonances in the substrate. The substrate thickness was observed to vary by several microns over the sample area, and a specific thickness value cannot be determined. In this analysis, we assume a substrate thickness of 279.67 µm, which is consistent with the experimentally observed thicknesses.
Pseudo-far-field characterizations
By successfully reconstructing the polarization-dependent near-field localization of the optical fields in the nanoscale grating, we are able to observe directly the origins of the well-known macroscopic form-birefringence effect. From the effective medium theory (EMT) [45] , if the probe were lifted a few wavelengths away from the surface, the FBG behaves as a homogeneous material. In order to emphasize the effectiveness of the algorithm as well as to verify that the values obtained using the SNOM are consistent with the predicted far-field values, the probe is raised and the SNOM measurement is extended to characterize the polarization dependence of the effective refractive indices.
In this process, the algorithm is applied to retrieve the phase difference between the phase on the grating and the phase on the flat region at a constant height. For this purpose, pseudofar-field MH-SNOM measurements are implemented at a height of 15 µm above grating. This distance is large enough to avoid the influence of near-field effects. Moreover, it is close enough to avoid the influence of diffraction at the boundary between the grating and the flat region. An x-z (100 μm × 2.3 µm) scan measurement is carried out. The retrieved phases of the two field components are illustrated in Figs. 6(a) and 6(b) as the phase responses of the TM/TE polarized component of the incident beam.
In Figs. 6(a-c) , the left portion of the scan corresponds to the grating region, as shown in the topography in Fig. 6(c) . As expected, the ridges and grooves are not distinguished. In the calibration (unstructured) region of the grating, shown in the right part of the scans in Figs.  6(a-c) , the linearity of the object beam is observed. For the TE polarization (Fig. 6(b) ), there is a significant phase shift between the grating region and the calibration region. In contrast, for the TM polarization ( Fig. 6(a) ), the phase is nearly constant. The measured effective refractive index values are thus derived from this phase difference, and found to be n TE = 1.46 ± 0.021 and n TM = 1.01 ± 0.018 at a wavelength of 1535.4 nm. To verify this analysis, we maintain the probe at a height of 15 µm above the sample, and perform linear scans along x while sweeping the wavelength. The wavelength is swept over the range 1530-1540 nm with a step of 0.09 nm. Retrieving the measured field using the algorithm at each wavelength, the phase differences between the grating and the calibration (unstructured) area are obtained. Converting these results into the corresponding indices of refraction, the retrieved effective indices (TE/TM) of the FBG versus wavelength are plotted in Fig. 6(d) as the solid lines. A periodic modulation as a function of wavelength appears. This is basically due to a Fabry-Perot effect: since the Si substrate has a high refractive index (n = 3.48) compared with the grating layer, it acts as a cavity [46] . If we compare with the second order effective medium theory [47] (Fig. 6(d) dashed lines) , we find good agreement. This result demonstrates the effectiveness of the algorithm and the feasibility of characterizing the effective refractive index with this method.
Conclusions
In summary, we have demonstrated a polarization retrieval algorithm which enables the MH-SNOM to perform a polarization and phase-resolved optical measurement on a nanostructure in the near-field. It provides a method to compensate the polarization distortion in the MH-SNOM measurement using an isotropic region in the vicinity of the nanostructure as a polarization calibration reference. This algorithm makes the MH-SNOM a very powerful tool for the polarization-resolved characterization of photonic nanostructures with subwavelengthscale resolution. With this algorithm, we succeeded in retrieving experimentally, in three spatial dimensions, the polarization dependent near-field confinement of the optical fields in a form-birefringent grating nanostructure. The obtained measurements are in good qualitative agreement with the theoretical predictions computed with RCWA. In particular, the MH-SNOM measurements verify the predicted polarization-dependent localization of the fields in the near-field regime of the form-birefringent grating, with the TE fields localized in the high-index regions of the FBG, and the TM fields localized in the low-index regions. Moreover, pseudo-far-field measurements demonstrate the effectiveness of the algorithm in the characterization of the effective refractive index of the FBG. Although the algorithm does require a reference flat area for calibration, we have shown that an unstructured region of the device under study is sufficient and should be available with most devices. Thus, this method greatly expands the applicability of the MH-SNOM for the polarization-resolved characterization of photonic nanodevices, potentially assisting in the development of novel devices based on optical nanostructures.
